
Homework 13
Due: Wednesday, April 24

Math 435, Fall 2024

Problem 1. Tapp 3.81

Problem 2. Tapp 3.101

In (2) and (3), what is meant is that the functions E,F,G are the same for σ and for f ◦ σ.

Problem 3. Let γ = (γ1, γ2) : [a, b]→ R2 be a simple closed curve and let S ⊂ R3 be the surface

S = {(γ1(u), γ2(u), v) | u ∈ [a, b], v ∈ R}.

Prove that S is isometric to the standard cylinder C = {(x, y, z) | x2 + y2 = R2} of radius R for some R.

Problem 4. Tapp 3.103

For (3), use the unit normal with positive z-component, and in particular, answer: (i) does the angle increase or decrease
as the distance from the z-axis grows, (ii) what is the limiting angle as the distance goes to 0 or ∞?

Problem 5. Let σ : U → V ⊂ S be a surface patch on a surface S with first fundamental form E du2 +2F dudv+Gdv2.
Prove that σ is angle-preserving (i.e., ∠(~u ,~v ) = ∠(dσp(~u ),dσp(~v )) for all p ∈ U and ~u ,~v ∈ TpU = R2) if and only if
E = G and F = 0.
Hint: You may want to first prove that if T : X → Y is a linear isomorphism between two-dimensional inner product
spaces, then T is angle-preserving if and only if there is some constant C such that 〈T~u , T~v 〉 = C〈~u ,~v 〉 for all ~u ,~v ∈ X.

For the (⇒) direction, choose an orthonormal basis ~b 1,~b 2 for X, and first prove that |T~b 1| = |T~b 2| by showing that

otherwise, ∠(~b 1,~b 1+~b 2) 6= ∠(T (~b 1), T (~b 1+~b 2)). Setting c ..= |T~b 1| = |T~b 2|, conclude from this that 〈T~u , T~v 〉 = c2〈~u ,~v 〉
for all ~u ,~v ∈ X.


